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Abstract. Recently in a series of papers it is observed that in many Banach 
spaces, which include classical spaces C(Q) and Lp-spaces, 1 < p < oo,p 7^ 
2, any generalized bi-circular projection P is given by P = 1j , where / 
is the identity operator of the space and T is a reflection, that is, T is a 
surjective isometry with T 2 = /. For surjective isometries of order n > 3, 
the corresponding notion of projection is generalized n-circular projection as 
defined in [TJ. In this paper we show that in a Banach space X, if generalized 
bi-circular projections are given by g where T is a reflection, then any 

generalized n-circular projection P, n > 3, is given by P = I + T + T ~^"'~*~ T 

where T is a surjective isometry and T" = I. We prove our results for n = 3 
and for n > 3, the proof remains same except for routine modifications. 



1. Introduction 

Let X be a complex Banach space and T denote the unit circle in the complex 
plane. A projection P on X is said to be a generalized bi-circular projection (hence 
forth GBP) if there exists a A 6 T \ {1} such that P + X(I — P) is a surjective 
isometry on X. Here I denotes the identity operator on X. 

It is easy to observe that any GBP is a bi-contractive projection. It was proved 
in [7] that any bi-contractive projection on CL-spaces (which includes C(0) - 57 
compact Hausdorff) is given by P — ^fc^ where / is the identity operator of the 
space and T is a reflection, that is, T is a surjective isometry of the space with 
T 2 = I. 

Recently in a series of papers (see [21 [3j IH |8]) it is observed that in many 
Banach spaces, the above holds true, that is, a GBP of the space is always given by 
where / is the identity operator and T is a reflection. In particular, this class 
of Banach spaces includes classical L p -spaces, l<p<oo,p^2 and (7(0, X) - the 
space of X valued continuous functions on a compact Hausdorff space O, where X is 
a Banach space such that vector valued Banach Stone Theorem holds on (7(0, X). 
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We note that in the case of GBP, if P + X(I — P) is a surjective isometry and 
A 6 T \ {1} is of infinite order then P is a hermitian projection (see [8]). Such 
projections were called trivial in [SI [5]. 

Suppose X is a complex Banach space and T is a surjective isometry of X 
such that T n = I,n > 2. Suppose P — J + T + T ^+ T " j s a projection on X. Let 
Aq = 1, Ai, A2, • • • , A n _i be the n distinct roots of identity. For i = 1, 2, • • • , n — 1, 
we define P = I +^ T + X i T2 +'" +Ai " T "' 1 . Then each P is a projection, P © A © 
Pa © • • • ® fn-i = / and P + A1P1 + A 2 P 2 + • • • + A„_iP„_i = T. 

For n > 3, we define 

Definition 1.1. Let X be a complex Banach space. A projection Pq on X is said 
to be a generalized n-circular projection, n > 3, if there exist Ai, A2, • • ■ , A„_i G 
T \ {1}, Ai, i = 1, 2, • ■ • ,n — 1 are of finite order and projections Pi, P2, • ■ • , P«-i 
on A" such that 

(a) A l 7^ A-,- for i / j 

(b) p ePi©---©P„-i = / 

(c) Pq + A1P1 + • ■ • + A„_iP„_i is a surjective isometry. 

Remark 1.2. In [1] generalized n-circular projection was defined with an extra 
assumption that i ^ = 1, 2, • • • ,n — 1 then A^ ^ iAj. It turns out for the 

validity of results there and also in this paper, that assumption is not necessary. 

The purpose of this note is to show that if in X every GBP is given by 
for reflection T, then for n > 3, every generalized n-circular projection is given by 
i+t+t^+t where T n — I. Precisely, we show 

Theorem 1.3. Let X be a complex Banach space. Suppose every GBP on X is 
given by -Mj-^ where T is a reflection. Let P be a generalized 3-circular projection 
on X . Then there exists an surjective isometry T on X such that 

(a) Pq + ojPi + lo 2 P2 = T where P\ and Pi are as in Definition [T7l\ and uj 
is a cube root of identity, 

{b) T 3 = L. 
Hence P = L±I±ll. 

Remark 1.4. (a) The proof for the case n > 3 remains exactly same except 

for number of cases to be considered in Lemma 12.31 in the next section 
becomes larger. 

(b) In [3], a GBP on was constructed which is not given by average of 
identity and a surjective isometry of order 2. For generalized 3-circular 
projections, a similar example can easily be constructed on 1,^. 
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2. Proof of Theorem 11.31 
We start with the following lemma. 

Lemma 2.1. Let X and Pq be as in Theorem \1.3\ and P\, Pi as in DeHnition \l.l\ 

Then Xi and A 2 are of same order. 

Proof. Let A™ = A§ = 1 and m ^ n. Without loss of generality we assume that 
m < n. Let Po + XiPi + A2-P2 = T where T is a surjective isometry of X. Then 
P + Af Pi + A 2 n P 2 = (P + Pi) + A 2 "P 2 = T m . Since T m is again a surjective 
isometry and P2 = I — (Po + Pi), by the assumption on X, T is a reflection and 
hence we have A™ = —1. Hence n divides 2m. Similarly we obtain A" = —1 and 
m divides 2n. Thus 2n = mki, 2m = nk 2 - Thus, fcifc 2 = 4. Since we have assumed 
m < n, this implies ki = 4, k% = 1. But then — 1 = A™ = \\ m — 1 - a contradiction. 
Hence m = n. □ 

The proof of the following lemma is straightforward verification and hence we 
omit it. 

Lemma 2.2. Let X be a complex Banach space and Po a generalized 3- circular 
projection on X. If Po © A1P1 © A 2 P 2 = T then (T - X 2 I)(T - XiI)(T - I) = 0. 

For convenience of notation we write T* = S and Qi = P* for i = 0, 1, 2. Note 
that 5* is a surjective isometry of X* and Qi, i = 0,1,2 are projections on X* such 
that Qo ©Qi ®Qi = I - the identity operator on X* , Q + A1Q1 + A 2 Q 2 = S. Also 
for any n > 1 we have S n = Q + AJQi + A 2 l Q 2 . 

The following lemma is crucial in our proof. 

Lemma 2.3. Lei X and Po be as in Theorem \1.3\ . With above notation we have 
the following. 

(a) If for some x* € X*,x* ^0, x* — Sx* then x* G R(Qo). 

(b) There is no x* € X* such that x* = S 2 x* , x* ^ Sx* . 

(c) If for some x* € X*,x* ^0, x* ^ Sx* ^ S 2 x* ^ S 3 x* then there exists 
2 = 1,2 such that x* G R(Qi). 

Proof. (a) Let x* ^ and x* = Sx* . Then x*,Sx*,S 2 x* are all equal hence 

we have, 



= Q x* + Qix* + Q 2 x* 

= Q x* + \1Q1x* + X2Q2X* 

— Qox* + X^Qix* + XlQ 2 x* 
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We choose x G X such that x*{x) ^ 0. Let Qqx*(x) = a 1 Q\x*{x) = 
/?, Q2X*(x) — 7. The above equations give 

a + /3 + 7 = 1 

= a + Ai/3 + A 2 7 
= a + \\P + \l>y. 

Solving which we get j3 = and 7 = and a = 1. Thus x* = Qox* and 
the assertion is proved. 

(b) Suppose there exists x* such that x* — S 2 x* and x* 7^ Sx* . In this case 
we have S 3 x* — Sx*. We choose x <E X such that a;* (a;) = 1 = S 2 x*(x) 
and Sr^O) = S 3 x*(x) = 0. From Lemma W2\ we know (5 - X 2 I)(S - 
X\I)(S — I)x* — 0. Evaluating this at x we get — 1 — Ai — A 2 = A1A2 and 
hence (Ai + 1)(A 2 + 1) = or Ai = -1 or A 2 = -1. If X 1 = -1 then by 
Lemma HOI we get A 2 = lor — 1. By our assumption A 2 7^ 1 and if A 2 = — 1 
then Ai = A 2 - a contradiction again. 

(c) From Lemma |2"T21 it follows that S 3 x* G span{x*, Sx*, S 2 x*} for all x* G 
X* . Also from Lemma [2.11 we have S n — I for some finite n and hence 
x* G span{Sx*, S 2 x*} for all x* € X*. Thus given a x* we can write 

x* = aSx* + f3S 2 x* 
S 3 x* = a'Sx* + P'S 2 x* 

We claim if any of a, a', /?, 1 equals then x* G R{Qi) for one of i = 1, 2. 
To see this, we first observe that if any of a' and (3 equals then x* is a 
multiple of Sx* and if a or f3' is zero then x* is a multiple of S 2 x*. Let 
.x* = 7iS , x* for some 7. Thus we have x* = Qox* +Q±x* +Q2X* = jQox* + 
jX 1 Q 1 x*+j\ 2 Q 2 x*. Hence {l- 1 )Q x*+{l- 1 X 1 )Q 1 x*+{l- 1 X 2 )Q 2 x* = 0. 
Now if Qox* ^ Owe get 7 = 1 contradicting the assumption that x* 7^ Sx*. 
Hence let Qox* = 0. If both Q\x* and Q 2 x* are non zero then we get 
7A1 = 7A 2 = 1 and hence Ai = A 2 a contradiction again. Thus either 
Q x x* = or Q 2 x* = and x* = Q t x* for one of i = 1,2. Similarly if x* 
is a multiple of S 2 x* we proceed in the same way and use part (b) to show 
that x* = QiX* for one of i = 1, 2. 

To conclude the proof let a, a', /?, /?' are all no zero. Since S is invertible 
from the second equality above we obtain S 2 x* — a'x*+(3'Sx*. By the first 
part, if Sx* and S 2 x* are multiple of each other then we get x* G R(Qi) for 
one of i = 1, 2. Thus let us assume Sx* and 5 l2 x* are linearly independent. 
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Hence we get a — —(3(3' and a! = \. Hence we have x* = Qqx* + Q\x* + 
Q 2 x* = -W{Q Q x* + XiQix* + X 2 Q 2 x*) + (3{Q x* + XjQix* + X\Q 2 x* = 
0(1 - P(3')Q x* + Ai/3(Ai - p')Qix* + X 2 (3{X 2 - P')Q 2 x*. If Q x* = and 
Qix* ^ and Q 2 x* ^ we get Ai = A2 which contradicts our assumption. 
Similarly, if Qox* 7^ and one of Q\x* and Q 2 x* is zero we get (3' = 1 = Ai 
or (3' = 1 = A2, a contradiction again. 

Hence we may assume QiX* ^ for i — 0, 1, 2. This gives fj — (3(3' — 
1, X 1 (3(X 1 -j3') = l and A 2 /3(A 2 - /?') = 1. 

Similarly S 3 x* = (3Sx*-(3'x* gives ^+/3' = 1,A? = (^+Ai ( 9 / ) and A^ = 
+ X 2 (3'). The last two equation implies (Ai — A 2 )(Ai + A 2 ) = (Ai — A 2 )/3' 
and since Ai 7^ A 2 we get Ai + A 2 = (3'. Thus ^ = 1 — (Ai + A 2 ). Putting 
this values in Xi(3(X\ — (3') = 1 we get 1 Zxl-\ 2 = 1 or Ai = A 2 = 1 which 
contradicts the assumptions on Ai , A 2 . This completes the proof of part 
(b). 

This completes the proof of the Lemma. 

□ 

Completion of the proof of Theorem \1.3[ By Lemma 12.31 we can conclude that 
there exists x* ^ such that x* = S 3 x* and x* ^ Sx* ^ S 2 x*. If Q^* = Q 2 x* = 
then x* G R(Qo). Thus let us assume QiX* ^ for either i = 1,2. But then 
Q x* + Qix* + Q 2 x* = Q x* + XfQxX* + X\Q 2 x* will imply either A : or A 2 is a 
cube root of unity and hence by Lemma |2. II we get same for the other. 

Thus T = Po + loP\ + u 2 P 2 where w is a cube root of unity. This immediately 
gives P - i+t2 + t3 . 
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